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We introduce a second quantization scheme based on quasinormal modes, which are the dissipa-
tive modes of leaky optical cavities and plasmonic resonators with complex eigenfrequencies. The
theory enables the construction of multi-plasmon/photon Fock states for arbitrary three-dimensional
dissipative resonators and gives a solid understanding to the limits of phenomenological dissipative
Jaynes-Cummings models. In the general case, we show how different quasinormal modes interfere
through an off-diagonal mode coupling and demonstrate how these results affect cavity-modified
spontaneous emission. To illustrate the practical application of the theory, we show examples using
a gold nanorod dimer and a hybrid dielectric-metal cavity structure.
Open cavity systems such as micropillars [1–3], pho-
tonic crystal cavities [4, 5], metal resonators [6–9] and
hybrid metal-dielectric cavities [10, 11] are of interest for
fundamental quantum optics and emerging technologies,
including two-photon lasing [12], spasing [13, 14], and
quantum information processing [15]. In such systems,
one goal of quantum optics is to describe the electric
field as an operator associated with the creation and an-
nihilation of photons or plasmons. One important exam-
ple is the “modes of the universe” approach [16–19]; an-
other is the Jaynes-Cummings (JC) model [20, 21], which
describes multi-photon interactions between a quantized
cavity mode and quantum emitters such as molecules,
two level atoms, or quantum dots [22–24]. A major re-
striction of the JC model is that the quantization proce-
dure starts with the quantized modes of a closed cavity
made from a lossless material. Such modes have real
eigenfrequencies and can be normalized in a straight-
forward way [21]. For cavities with very low radiative
loss, as usually quantified by a high quality factor Q, dis-
sipation is often modelled through second order system-
reservoir theory [21] or quantum stochastical differential
equations methods [25, 26]. For low Q cavities, however,
or in the case of metallic resonators, such approaches are
ambiguous, and the concept of a closed cavity is clearly
problematic.
While much progress has been made by treating the
dissipation through the electromagnetic environment sur-
rounding high Q cavities as a bath, very little has been
done in terms of quantized dissipative modes, especially
in plasmonics. One heuristic approach has been to as-
sume a phenomenological dissipative JC model, which
for metals assumes parameters normally used for cav-
ity modes, and where the total plasmon loss is treated
phenomenologically [27]. Other notable approaches in-
clude the use of a projection operator applied to dielec-
tric coupled-cavity systems [28], or treating the electro-
magnetic environment by expansions in terms of pseu-
domodes [29, 30] or quasinormal modes (QNMs) [31].
The QNMs offer tremendous insight and efficiency for
describing electromagnetic scattering and semi-classical
light-matter interaction [32–37]. Typically only a few
QNMs and often just one QNM is needed, and it has
recently been recognized that a quantum theory based
on QNMs would represent a “major milestone in quan-
tum optics” [38]. While some progress in this direc-
tion has been made for one-dimensional dielectric struc-
tures [39, 40], these particular approaches do not lead to
the construction of Fock states, which forms the natural
basis for studying multi-plasmon/photon dynamics.
In this Letter, we present a rigorous quantization
scheme for leaky optical cavities and plasmonic res-
onators using QNMs, which — in contrast to typical
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FIG. 1. Schematic of the QNM-JC model for a two level
emitter, e.g., in the form of a colloidal quantum dot cou-
pled to a single QNM of a plasmonic dimer of gold nanorods.
The electronic states |e〉 and |g〉 are coupled to the plasmonic
Fock states |n〉 via the coupling constant gc. Quantum fluc-
tuations associated with the electromagnetic dissipation enter
naturally through the operator Fˆc.
ar
X
iv
:1
80
8.
06
39
2v
3 
 [c
on
d-
ma
t.m
es
-h
all
]  
6 M
ar 
20
19
2approaches to lossy materials — enables the construc-
tion of Fock states, as illustrated in Fig. 1. We solve
the main challenges related to the non-Hermitian nature
of the problem by introducing a symmetrization scheme
for creation and annihilation operators associated with
the resonator QNMs. Using the symmetrized operators,
which satisfy canonical commutation relations, we derive
the associated QNM-JC model for solving problems in
multi-plasmon/photon quantum optics. To illustrate the
practical application of the theory, in the case of a single
QNM, we first use an example of a gold nanorod res-
onator, as illustrated in Fig. 1. Subsequently, we present
the two-QNM-JC model and exemplify using a hybrid
metal-dielectric cavity to highlight how modes quantum-
mechanically interfere, leading to a dramatic breakdown
of phenomenological dissipative JC models.
Theory.—We consider the interaction between a two
level emitter and the total electric field in the presence
of a dispersive and absorptive, spatially inhomogeneous
medium. The total Hamiltonian, Htotal=Ha+HB+HI ,
based on the seminal approaches from [41–44] is
Htotal =~ωaσ+σ− + ~
∫
dr
∫ ∞
0
dω ω b†(r, ω) · b(r, ω)
−
[
σ+
∫ ∞
0
dω da · Eˆ(ra, ω) + H.a.
]
, (1)
where ~ is the reduced Planck constant, ωa and da are
the resonance frequency and dipole moment of the emit-
ter, respectively, σ± denote raising and lowering oper-
ators, and we use a dipole-field interaction in the ro-
tating wave approximation; the annihilation and cre-
ation operators b(r, ω) and b†(r, ω) act on joint ex-
citations of the surrounding lossy media and electro-
magnetic degrees of freedom and satisfy canonical com-
mutation relations [43]. The electric field operator
fulfills the equation ∇×∇×Eˆ(r, ω)−k20(r, ω)Eˆ(r, ω) =
iωµ0jˆnoise(r, ω), where k0 = ω/c, c = 1/
√
µ00 is the
speed of light, (r, ω)=R(r, ω)+iI(r, ω) is a complex
permittivity, describing passive media (I(r, ω)>0) and
fulfilling the Kramers-Kronig relations, and jˆnoise(r, ω) =
ω
√
(~0/pi)I(r, ω)b(r, ω), with 0 denoting the per-
mittivity of free space [43, 45]. A formal solu-
tion is Eˆ(r, ω)=i/(ω0)
∫
dr′G(r, r′, ω)ˆjnoise(r′, ω), where
G(r, r′, ω) is the electric field Green’s function, fulfilling
∇ × ∇ × G(r, r′, ω) − k20(r, ω)G(r, r′, ω) = k20δ(r − r′)
and a suitable radiation condition. At this point, the
quantization scheme from [43] provides already an intu-
itive picture for treating the system, but the frequency
and spatial indices of b(†)(r, ω) prevent numerical evalua-
tions of the density matrix for applications beyond single
photons (weak excitation).
To derive creation and annihilation operators for pho-
tonic or plasmonic resonances, we begin with the vector-
valued QNM eigenfunctions, f˜µ(r), defined from
∇×∇× f˜µ(r)−
ω˜2µ
c2
(r, ω˜µ)f˜µ(r) = 0, (2)
with a suitable boundary condition, e.g., the Silver-
Mu¨ller radiation condition [46]. The QNM eigenfrequen-
cies ω˜µ=ωµ−iγµ are complex, with γµ>0 describing loss.
For positions close to an electromagnetic resonator, the
G(r, r′, ω) can often be very accurately approximated
by an expansion of only a few dominant QNMs of the
form [32–35, 47] GQNM(r, r′, ω)=
∑
µAµ(ω)f˜µ(r)f˜µ(r
′),
where the QNMs are normalized [32, 33, 35, 46];
for calculations in this work, we use the form
Aµ(ω)=ω/ (2(ω˜µ−ω)). Since the QNMs, f˜µ(r), diverge
in the far field, we replace f˜µ(r) in GQNM(r, r′, ω) for
positions outside the resonator geometry with a reg-
ularization based on a Dyson equation approach [48],
F˜µ(r, ω)=
∫
V
dr′GB(r, r′, ω)∆(r′, ω)f˜µ(r′), where GB is
the homogeneous background medium Green’s function,
with constant permittivity B , ∆(r
′, ω)=(r′, ω)−B ,
and V is the resonator geometry volume. The electric
field operator is Eˆ(r) =
∫∞
0
dωEˆ(r, ω)+H.a. and can be
expanded in basis functions of the Green’s function as in
Refs. [49–52]. Inspired by this elegant approach [49], we
use instead an expansion using few dominating (regular-
ized) QNMs as in GQNM(r, r′, ω), so that the source field
expression of the electric field operator can be rewrit-
ten, Eˆ(r)=i
√
~/(20)
∑
µ
√
ωµf˜µ(r)α˜µ + H.a., for posi-
tions inside V , which allows us to define QNM operators
α˜µ=
√
2/(piωµ)
∫∞
0
dωAµ(ω)
∫
dr
√
I(r, ω) f˜µ(r) ·b(r, ω);
for positions outside V in the spatial integral, f˜µ(r) is
replaced by the regularized QNM F˜µ(r, ω). The QNM
operators are formed by the integral over the oscillator
operators b(r, ω), that collectively form the QNM reso-
nance. For most practical examples, the use of few (one
or two) QNMs has been shown to provide very accurate
results in the weak-coupling regime [11, 53]; this is typ-
ically the case in cavity-QED systems using resonators.
Using the canonical commutation relations for b(r, ω),
the equal-time commutation relations for the QNM rais-
ing and lowering operators become [α˜µ, α˜η]=[α˜
†
µ, α˜
†
η]=0
and [α˜µ, α˜
†
η]≡Sµη, in which
Sµη=
∫ ∞
0
dω
2Aµ(ω)A
∗
η(ω)
pi
√
ωµωη
[
Snradµη (ω)+S
rad
µη (ω)
]
, (3)
where Snradµη (ω) =
∫
V
dr I(r, ω) f˜µ(r) · f˜∗η (r) reflects
absorption due to the resonator material, and
Sradµη (ω)=c
2/(2iω2)
∫
SV
dAs{[nˆs×(∇s×F˜µ(s, ω))]·F˜∗η(s, ω)
−[nˆs×(∇s×F˜∗η(s, ω))]·F˜µ(s, ω)} describes radiation leav-
ing the system through the surface SV with the normal
vector nˆs pointing into V [54]. The matrix (S)µη
is a Hermitian semi-positive definite overlap matrix
between different QNMs µ, η, and is not a Kronecker
delta as would be the case for closed, dielectric cavities.
3FIG. 2. (a) Purcell factor FP as a function of frequency
for the plasmonic dimer in Fig. 1. Solid and dashed curves
show the results of the QNM-JC model and a semi-classical
approach, using a single QNM Green’s function approxima-
tion, respectively. (b) Normalized spatial profile of the QNM
of interest with ω˜c(eV)=1.7786−0.0677i, corresponding to
Q=ωc/(2γc) ≈ 13.
It is strictly positive definite if the modes are linearly
independent, which we assume here. Since non-canonical
commutation relations prevent the construction of Fock
states, we introduce new operators via a symmetrizing
orthonormalization transformation [55]:
aµ =
∑
ν
(
S−
1
2
)
µν
α˜ν , a
†
µ =
∑
ν
(
S−
1
2
)
νµ
α˜†ν , (4)
yielding [aµ, a
†
η]=δµη. The operators aµ and a
†
µ are there-
fore proper annihilation and creation operators for ob-
taining Fock states |n〉 ≡ |n1, n2, ...〉 from the vacuum
state |0〉. The electric field expressed by aµ, a†µ is then
Eˆ(r) = i
√
~
20
∑
µ
√
ωµ f˜
s
µ(r)aµ + H.a., (5)
in the desired basis and with symmetrized QNM func-
tions f˜ sµ(r)=
∑
ν(S
1
2 )νµ
√
ων/ωµ f˜ν(r). For a single QNM,
µ= ν = c, we get Eˆ(r)=i
√
~ωc/(20)f˜ sc (r)a + H.a., with
f˜ sc (r)=
√
Sc f˜c(r), Sc = Scc and a ≡ ac. The dynamics of
the operators aµ are governed by the Heisenberg equa-
tions of motion [54],
d
dt
aµ=− i~ [aµ, Hsys]−
∑
η
χ(−)µη aη + Fˆµ, (6)
where Hsys=Hem+Ha+HI is the effective sys-
tem Hamiltonian in the symmetrized basis, and
Hem=~
∑
µη χ
(+)
µη a†µaη is the electromagnetic part
with non-diagonal terms η 6=µ, that includes cou-
pling between different symmetrized QNMs µ, η [39];
HI=−i~
∑
µ gµσ
+aµ+H.a. is derived from HI in
Eq. (1) by inserting Eq. (5); this yields an emitter-
QNM dipole-field interaction in the symmetrized basis
gµ=
∑
η
(
S
1
2 )ηµg˜η, with g˜µ=
√
ωµ/(20~)da·f˜µ(ra).
In contrast to a phenomenological approach, com-
plex QNM eigenfrequencies and complex eigenfunc-
tions are used to obtain gµ. The coupling between
different QNMs is induced by the symmetrizing
transformation, Eq. (4), and the coupling con-
stant χ
(+)
µη is given via χ
(+)
µη =
1
2 (χµη+χ
∗
ηµ), where
χµη=
∑
ν(S
− 12 )µν ω˜ν
(
S
1
2 )νη. The two additional terms
in Eq. (6) account for dissipation of energy through
χ
(−)
µη =
i
2 (χµη-χ
∗
ηµ) and coupling to a noise term Fˆµ =∑
ν
(
S−
1
2
)
µν
∫∞
0
dω Cν(ω)
∫
dr
√
ωI(r, ω) f˜ν(r) · b(r, ω),
with Cν(ω)=i
√
ω/(2piων). The presence of the noise
term preserves the commutation relation [aµ, a
†
η]=δµη
temporally by exactly counteracting the damping due
to dissipation. Equation (6) has the form of a Langevin
equation with noise operators Fˆµ [25, 26]. In the
following, we use it to set up the QNM-JC model and
derive the associated quantum master equations for the
illustrative cases of one and two QNMs; we refer to
Ref. 54 for the general case.
(I) One-QNM-JC model. We consider the material sys-
tem from Fig. 1 consisting of an emitter at the position
ra, directly in the center of a plasmonic dimer of nanorods
supporting a single QNM with index c, in which case Hem
takes the simplified form Hem=~ωca†a, and the interac-
tion Hamiltonian becomes HI=−i~(gcσ+a−H.a.), with
gc=
√
Sc g˜c and χ
(−)
µη =−Im(ω˜c)=γc. All system operators
evolve according to a quantum Langevin equation similar
to Eq. (6). Employing stochastic Ito/Stratonovich calcu-
lus [26], we can bring these equations into a Lindblad
master equation form. To this end, we treat the quan-
tum noise operator Fˆc as an input field, which represents
white noise of a reservoir with temperature T=0 K [54].
After some algebra, we find the one-QNM master equa-
tion
∂tρ = − i~ [Hsys, ρ] + γc
(
2aρa† − a†aρ− ρa†a) . (7)
For a more detailed interpretation of the normalization
Sc, it is instructive to consider the cavity-modified spon-
taneous emission rate in the bad cavity limit. We adi-
abatically eliminate the electromagnetic degrees of free-
dom from Eq. (7), to obtain a master equation for the
emitter density matrix alone, consisting of the dissipa-
tor term L[σ−]ρ=Γ (2σ−ρσ+ − σ+σ−ρ− ρσ+σ−), with
spontaneous emission rate Γ = γc|gc|2/(∆2ca + γ2c ) and
detuning ∆ca=ωc − ωa [54]. In cases where the sin-
gle QNM expansion is a good approximation to the
Green’s function throughout the entire resonator vol-
ume, we expect to recover the semi-classical result Γ =
(2/~0)da · Im (G(ra, ra, ω)) · da, i.e., the local density
of states modelled via the photonic Green’s function in
a QNM approximation [36, 53]. In the present case of
the plasmonic dimer, we find a very good agreement,
as seen in Fig. 2, showing the Purcell factor FP=Γ/Γ
0,
where Γ0 is the spontaneous emission rate in a homo-
4geneous medium. Although the agreement in Fig. 2
is already striking (especially given the completely dif-
ferent nature of the calculations [54]), we remark that
the restriction to few dominant QNMs in the QNM-JC
model, when applied to spontaneous emission, are gen-
erally different, and typically less accurate, than the use
of the same approximation to the Green’s function in a
semi-classical approach. Whereas the latter relies only
on the expansion at a single point, the QNM-JC model
is based on integrals of the QNMs throughout the res-
onator material to obtain Sc. For the plasmonic dimer,
we find Snradc =0.58, S
rad
c =0.40. In addition, S
nrad
c and
Sradc yield the non-radiative and radiative beta factor via
βnrad = Snradc /Sc and β
rad = Sradc /Sc. See [54] for details
of the QNM calculation, f˜µ(ra) and material parameters.
(II) Two-QNM-JC model. We next discuss a case
where cross-terms χµη of two QNMs µ, η=1, 2 cause inter-
ference effects, clearly not available in phenomenological
quantization approaches. Starting again from the quan-
tum Langevin equation in Eq. (6), we derive a Lindblad
master equation analogue to the one mode case, using the
additional assumptions [26] that the two input fields asso-
ciated with Fˆµ (µ = 1, 2) are independent from each other
and that the real parts of the eigenfrequencies ω1, ω2 are
not degenerate [56]. Again, following the approach of
Ref. 26, we now obtain the two-QNM master equation
∂tρ = − i~ [Hsys, ρ] + L[a]ρ, (8)
where ωµ are no longer eigenvalues of the electromagnetic
part of the Hamiltonian, since an inter-mode coupling
appears. Instead, a pair of shifted eigenfrequencies ωsµ is
formed (see Fig. 3(c)). We stress that the Lindblad dis-
sipator L[a]ρ=∑µ,η χ(−)µη (2aηρa†µ−a†µaηρ−ρa†µaη) con-
tains also processes with interacting QNMs µ6=η.
Although the above off-diagonal coupling may seem
unusual, it is known that a significant mode interference,
such as a “Fano-type” resonance, can occur because of
the different phase terms of overlapping QNMs [11, 57].
In the QNM-JC model, this interference is captured by
the off-diagonal terms, as illustrated in Fig. 3, where
we study the electromagnetic response of the metal
dimer from (I) on top of a high-Q photonic crystal cav-
ity (see Fig. 3(a)). Figure 3(b) shows the two QNMs
of interest and the semi-classical result of the Pur-
cell factor as calculated using a two-QNM approxima-
tion [11, 54]; Fig. 3(c) shows the corresponding results
of the QNM-JC model in this pronounced QNM cou-
pling regime [58]. The system parameters indicate the
bad cavity limit, where the QNM-JC master equation
consists of a Lindblad dissipator for spontaneous emis-
sion of the form L[σ−]ρ=Γ (2σ−ρσ+−σ+σ−ρ−ρσ+σ−),
in which Γ=Γdiag+Γndiag with a diagonal contri-
bution Γdiag =
∑
µ Sµµ|g˜µ|2γµ/(∆2µa+γ2µ) and a
non-diagonal contribution Γndiag=
∑
µ,η 6=µ g˜µSµη g˜
∗
ηKµη,
which is here expressed in terms of the coupling matrix
FIG. 3. (a) Gold dimer on top of a photonic crystal
cavity, supporting two overlapping QNMs with frequencies
ω˜2(eV)=1.6063−0.0145i and ω˜1(eV)=1.6428−0.0548i (mode
1 originates from the dimer). (b) QNM profiles and semi-
classical Purcell factor as a function of energy. (c) QNM-
JC Purcell factor with diagonal contributions Γdiag (black
dashed, scaled) and the full emission rate Γ = Γdiag + Γndiag
(solid blue). Vertical solid and dashed lines, show the shifted
and original eigenfrequencies, respectively.
Kµη=(i(ωµ−ωη)+γµ+γη)/(2(∆µa−iγµ)(∆ηa+iγη)) [54].
Comparing the results in Fig. 3, one sees that the
two-QNM-JC model recovers the result of the semi-
classical calculation, including the pronounced Fano-
type interference effect. In a phenomenological dissi-
pative two-mode JC model, the Lindblad dissipator is
simply L [σ−] ρ = ∑i Γi (2σ−ρσ+−σ+σ−ρ−ρσ+σ−) and
Γi=|gi|2γi/(∆2ia+γ2i ) is the diagonal cavity-modified rate
for each of the two modes. Clearly, such a model cannot
produce the aforementioned interference effect, as illus-
trated by the black dashed curve in Fig. 3(c).
By construction, the symmetrized raising and lower-
ing operators fulfill all requirements for use in the con-
struction of a Fock space. Combined with the fact that
the one- and two-QNM-JC master equations recover the
semi-classical results in the single excitation subspace,
where a direct comparison to reference calculations is
possible, we consider the approach rigorous enough that
one can apply the QNM-JC model also to problems in
multi-plasmon/photon Fock spaces. Although we have
connected to the bad cavity limit, the QNM master equa-
tion now allows one to explore multi-photon dynamics,
which will be the subject of future work.
In conclusion, by use of a symmetrization procedure,
we have introduced creation and annihilation operators,
allowing the construction of QNM Fock states and the
5derivation of a physically meaningful and intuitive QNM-
JC model for use in dissipative cavity-QED valid for ar-
bitrary dissipative structures. We have shown example
applications of the theory for a plasmonic dimer to verify
that the QNM-JC model recovers the semi-classical result
in Purcell factor calculations. Finally, we discussed the
highly non-trivial case of a two-QNM-JC model, where
interference effects cannot be neglected. In this case, the
model recovers the semi-classical result only because of
off-diagonal coupling terms, which are not present in phe-
nomenological dissipative JC models. Contrary to phe-
nomenological approaches, all parameters entering the
model are rigorously defined and can be calculated by
use of the relevant QNMs. The model thus provides a
solid foundation for the use of the JC model and a rig-
orous extension of the model to several modes and possi-
bly dissipative materials, in which the quantized “cavity
modes” of optical cavities or plasmonic resonators appear
as linear combinations of the associated QNMs.
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